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in partial fractions.

1. Express RS TEErS)

2. Solve the equation cos 8 + cos 56 = 2cos 36 for 0 < 8 < m. Give your answers in
terms of .

3. Evaluate the following limits:

. x3-8
a. lim-;
X2 X°=2X
b lim 5x+7

x—00 1\ 6x—5
Ven v = e~ sin3x. Find 2 and &2
4. Giveny = e™**sin3x. Find -~ and —-—.

@y 4 dy _
Hence, show that ——= +4-=+ 13y = 0.

5. Given the polynomial P(x) = x? — 4 and Q(x) = ax* + x3 + 2x? + Bx + 28.
a. Find all zeroes of P(x).

b. When Q(x) is divided by P(x), the remainder is 14x + 52. Use the remainder
theorem to find the values of ¢ and .

c. Using the values of a and g obtained from part 5(b), find the remainder when
2Q(x) + x is divided by P(x).

6. Express cos 8 + /2 sin 6 in the form R sin(8 + a), where R > 0 and « is an acute
angle.

Hence,

a. Solve the equation cos 8 + V2 sin6 = ‘/2—5 by giving all solutions between
0° and 360°.

1 is 5+v3
cos 0+2sin 6+5 22

b. Show the greatest value of

7. State the conditions for continuity of f(x) at x = a.

a. By using the conditions for continuity of f(x) at x = a, find the values of m
and n such that

n— 2cosx, x<0
f(x)=42+mx? 0<x<2
m-—x, x=2

is continuous on the interval (—oo, ).
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b. If m=-2andn = 4, determine whether f(x) is differentiable at x = 2 or
not.

8. A curve with equation x? — 3y? = aeY~2* + by — 6, where a and b are constants,
passes through the point (1, 2).

a. Given % =1 at (1, 2), determine the values a and b.

b. Evaluate &y at (1,2)
' dx? ’ )

9. The function f is defined by f(x) = @for x> 1.

X

a. By considering the first and second derivatives of f(x), show that there is
only one maximum point on the graph y = f(x).

b. Use the result obtained in part 9(a) to state the exact coordinates of the
maximum point.

2
c. Find the x-coordinate of the function f when 3732’ = 0.

10. A curve is defined by the parametric equations x = 3t — % andy=t+ % where t # 0.

2_ 2
a. Show that & = =% Hence, find &2,
dx  3t2+1 dx?
dy dy 1 10
b. Show that = can be expressed as — = - — . Hence, deduce that
dx dx 3 3(3t2+1)

d 1
—3<2 <z
dx 3

END OF QUESTION PAPER
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1. Expressm in partial fractions.
SOLUTION
3x2 -5 A Bx+C

(x—3)(x2+2)=x—3+x2+2

_A(*+2)+(Bx+C)(x —3)
B (x—3)(x%2+2)

3x2 —=5=Ax*+2)+(Bx+0O)(x = 3)
Whenx =3

3(3)2=5=A[(3)?+2] +[B@B) + C][(3) — 3]

22 =11A
A=2
Whenx =0

3(0)? = 5 =(2)[(0)* + 2] + [B(0) + €][(0) = 3]

—-5=4-3C

3C=9

c=3
Whenx =1

3(D%=5=()I[1W?+2] +[B(D) + R][(D) - 3]
—2=6—2[B +3]

2[B+3] =8

B+3=4

B=1

3x2 -5 2 +x+3
(x=3)x2+2) x—-3 x2+2
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2. Solve the equation cos 8 + cos 56 = 2cos 36 for 0 < 8 < m. Give your answers in
terms of .

SOLUTION

0<86<m

a) sinA + sinB = 2sin (/P;—B)
(A+B

cos @ + cos 560 = 2 cos 36

b) sinA — sinB = 2 cos 5

cos 560 + cos 0 = 2 cos 36
A-B

. (A+B\ .
560 +6 50 -0 d) cosA —cosB = —2sin|—]sin
2cos( > )cos( > ):2cos36 (2) (2)

2 cos 36 cos 260 = 2 cos 360
2cos360cos20 —2cos360 =0

cos36[2cos20—2] =0

cos 30 = 2c0s20—-2=0
0<6<m cos26 =1
0<30<3m 0<20<2m
30 =22 - 2m+Z 20 =0,
2 2 2
T T 5w
9=_F_’_
6°2°6 9—0ﬂ T 5w
- ’6’ 2’6’7.[
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3. Evaluate the following limits:

. x3-8
a. lim=
x—-2X°=2x

. 5x+7
b. lim

x—o0\] 6x—5

SOLUTION
. ox3-8 o (x=2)(x2+2x+4)
a. chlzg x2-2x alcllg x(x-2)
(2 +2x+4)
= lim ———
xX—2 X
22422 +4
B 2
=6
S 5x,7
b. lim [Z*2= lim =
x—o00 \| 6x—5 x—00 ==
_|5+0
T 6-0
N
G
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ven v — =% sin3x. Find 2 and &2
4. Giveny = e™**sin3x. Find ——and —.

By L4 —
Hence, show that ——= +4-~+ 13y = 0.

SOLUTION

u=e?* v = sin3x
u = —2e % v’ = 3cos 3x
dy

— =uwv' +vu’

dx

= (e7?*)(3 cos 3x) + (sin 3x)(—2e~%¥)

—-2x

=3 e ?*cos 3x — 2e " %* sin 3x

d
d—i’ = e~ 2*(3 cos 3x — 2sin 3x)
u=e ¥ v = 3cos3x — 2sin3x
u = —2e"% v’ = —9sin3x — 6 cos 3x
d2
d_x)zl =uv' +vu'
= (e7?*)(—9sin3x — 6 cos 3x) + (3 cos 3x — 2sin3x)(—2e~?%)
= (e7?*)[-9sin 3x — 6 cos 3x — 2(3 cos 3x — 2 sin 3x)]
= (e7%*)[-9sin3x — 6 cos 3x — 6 cos 3x + 4 sin 3x]
= (e7?*)[-5sin3x — 12 cos 3x]
d’y  dy
—+4—+4+13
dx? + dx + 13y

= (e7%*)[-5sin3x — 12 cos 3x] + 4[3 e ?*cos 3x — 2e~** sin 3x] + 13[e~%* sin 3x]
= —5e7%*sin3x — 12 cos e ?*3x + 12 e ?*cos 3x — 8e~?* sin 3x + 13e~%* sin 3x

=0
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5. Given the polynomial P(x) = x? — 4 and Q(x) = ax* + x3 + 2x2 + Bx + 28.

a. Find all zeroes of P(x).

b. When Q(x) is divided by P(x), the remainder is 14x + 52. Use the remainder
theorem to find the values of @ and £.

c. Using the values of « and g obtained from part 5(b), find the remainder when
2Q(x) + x is divided by P(x).

SOLUTION

P(x) =x*>—-4
Q(x) = ax* + x3 + 2x? + Bx + 28
(@) WhenP(x) =0

x2—4=0

x? =4

x =14

=12

Therefore, zeros are — 2,2

(b) D(xX)=P(x)=x2—4=(x+2)(x—-2)

Q(x) = ax* +x3 +2x% + Bx + 28 When a polynomial P(x) is divided by (x —a), then the
remainder is P(a)
R(x) = 14x + 52

ax* + x3 + 2x? + Bx + 28 = Q(x) (x%? — 4) + (14x + 52)
ax* + x3+2x% + Bx + 28 = Q(x) (x + 2)(x — 2) + (14x + 52)
When x = 2

Q(2) =R(2)

a(2)* + (2)3 +2(2)2 + p(2) + 28 = [14(2) + 52]
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16a + 16 + 28 + 28 = [28 + 52]

16a + 2 = 36

8a+B =18 e, (1)
When x = —2

Q(=2) =R(-2)

a(=2)*+(=2)% +2(-2)2 + B(=2) + 28 = [14(-2) + 52]

162 — 8 + 8 — 28 + 28 = [-28 + 52]

16a — 23 + 28 = 24

16a — 28 = —4

B —B=—2 e )

D+ @

16a =16

ca=1 B=10

() Q(x) = x* +x3 +2x? + 10x + 28

P(x) =2Q(x) +x

D(x) =x*—4
(xc* +x3+2x2 +10x +28) = [Q(x)(x + 2)(x — 2) + (14x + 52)]
20x* + 23 4+ 2x% + 10x + 28) = 2[Q(x) (x + 2)(x — 2) + (14x + 52)]
2[x* +x3 + 2x%2 + 10x + 28] +x = 2[Q(x) (x + 2)(x — 2) + (14x + 52)] + x
2[x* 4+ x3 + 2x%2 + 10x + 28] + x = 2Q(x)(x + 2)(x — 2) + 2(14x + 52) + x
R(x) = 2(14x + 52) + x

=28x + 104 + x

= 29x + 104
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6. Express cos 6 + V2 sin 6 in the form R sin(6 + a), where R > 0 and « is an acute
angle.

Hence,

a. Solve the equation cos 8 + /2 sin6 = g by giving all solutions between
0° and 360°.

1 is 5+v3
cos 0++v/2 sin 0+5 22

b. Show the greatest value of

SOLUTION

cos@ +V2sin6 = Rsin(0 + a)

cos 0 +V2sin® = R(sin 6 cos a + cos O sin )
cosf +V2sin@ = Rsin@ cos a + R cos 6 sin

cos O +V2sin® = R cos O sina + R sin 0 cos a
Rcos@sina = cos @

Rsina=1 ... (1)

Rsinfcosa = V2sinf

Rcosa =2 ... (2)

(D? +(2)?

(R?sin?a) + (R?cos? a) = 1% + (\/E)Z

R%(sin® a + cos? a) = 3
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1) +(2)

Rsina _ 1

Rcosa +2

1
tana = —

V2

a = 35.26°

cos 6 +V2sin® = V/3sin(d + 35.26°)

(a) cos 6 +VZsing =2 0° < 6 < 360°

NE]
V3sin(@ + 35.26°) = -

1
sin(@ + 35.26°) = >

0° + 35.26° < 0 + 35.26° < 360° + 35.26°

35.26° < 6 + 35.26° < 395.26°

sin~t (—) = 30° 30°

0 + 35.26° = 180° — 30°; 360° + 30°
0 + 35.26° = 150°; 390°
0 = 150° — 35.26° = 150°; 390° — 35.26°

0 = 114.7°,354.74°
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1 is 5+/3
cos 8++/2 sin 6+5 22

(b) Show the greatest value of

cos 6 +V2sin@ = V3sin(f + 35.26°)
—1 < sin(6 + 35.26°) < 1
—V/3 <+/3sin(6 + 35.26°) < V3
—V3 < cosf +2sinf <3

—V/3+5<cosf+V2sin@ +5<+V3+5

1 1 1
< <
Vv3+5 cos@++v2sinf+5 —V3+5

1 1 1
< <
V345 cosf ++2sin6+5" 5—+3

1

The greatest value of woseivzsmoTs

1 1(5++3)
5—v3 (5-v3)(5+3)

5443
T 25-3

5443
22
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7. State the conditions for continuity of f(x) at x = a.

a. By using the conditions for continuity of f(x) at x = a, find the values of m
and n such that

n — 2cos x, x<0
fx)=4{2+mx?, 0<x<2
m-—x, x =2

is continuous on the interval (—oo, ).

b. If m=-2andn = 4, determine whether f(x) is differentiable at x = 2 or
not.

SOLUTION
The conditions for continuity of f(x)atx =a

i. f(a)isdefined
ii. lim f(x) is exist
x—-a

iii. chi_r)rtllf(x) = f(a)

n — 2cosx, x<0
@ fx)=42+mx? 0<x<2
m-—x, x=2

f(x)is continuous at x = 0 and x = 2 as well.
Whenx =0

lim (n — 2cosx) = lim (2 + mx?)
x—07 x-0%

n—2cos(0) = 2 +m(0)?

n—2=2
n=4%
Whenx =2

lim (2 + mx?) = lim (m —x)
x-27 x-2%
2+mR2¥)=m-2

3m+4=0
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(b) Ifm=-2andn = 4

4 — 2cosx, x<0
fx)=42-2x%3, 0<x<2
-2 —x, x=2
At x =2
rfo—\ _ 1: f(x)_f(z)
red=——

 2-2x")-(-2-x)
= lim

x—2~ x—2

2—2x%>+2+x

=xllgl_ x—2
. —2x’+x+4
= lim ——
x—27 x—2

=222+ () +4
- 2 -2

= 400 ((Undefined)

Since f'(27) is undefined, therefore f(x)is dif ferentiable at x = 2.
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8. A curve with equation x? — 3y? = aeY~2* + by — 6, where a and b are constants,
passes through the point (1, 2).

a. Given Z—z =1 at (1, 2), determine the values a and b.

b. Evaluate &y at (1,2)
' dx? ’ )

SOLUTION

x2—3y?=ae?’ " +by—6

At the point (1,2)
12-3(2)2 = ae?2W +p(2) - 6
1-12=a+2b—-6
A+2b=—5 oo, (1)

At the point (1, 2),% =1
x2 -3y =ae? " +by—6

dy

dy d
—6V—-2 = qeV 2% (v — -z
2x — 6y il P (y—2x)+b Tx

d d d
2x — 6yd—2: = (ae¥™%%) [Eg— 2] +bd—2:

2(1) — 6(2)(1) = (ae@2W)[1 - 2] + b(1)

—10=—-a+b

a—b=10 ...l (2)
1 -3

3b=-15

b= -5

a+5=10

a=5
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d?y
(b) Evaluate — at (1,2)
x?—3y?=5e¥"2* —5y—6

2x—6yd——(5 ey~ 2")[ 4 2]—5—

dy dy dy
2x — = y—2x__1 y-2x _g_~
x Gydx Se ix Oe de
d%y dy d?y dy d d
2—-|6y—=+6 5eY~ 2" +5 Yo — — (y —2x)| — 107" 2"—(y—Zx) 5—
dx? dx dx

d*y  qdyy? d*y dy (dy dy d*y
2 — _ 7 - — y—2x __ 7 y—Zx_(__ 2) -1 y—2x (__ 2) .-
[6}1 dx? 6 (dx) ] [Se dx? *5e dx \dx ] Oe dx dx?
dy
At the point (1,2),— =1
dx
dy (dy dy d%y
s B ) 2
6y ] [5 +5e dx \dx ] ° dx K dx?
d%y d%y d%y
2 2)—Z 12| = 2-2(1) 2 2-2(1) —2)| = 10e22® —2)—-5—
6(2) 75+ 6(1) ] [Se Tt oe @ )] Oe (m-2) 5.5
d%y d%y d%y
2_12dx2+6_[5ﬁ_5 +10—5ﬁ
2 2 2
y __ _d% y
2-125-6=5-5-5+10-5-%
2 2
y d’y _d’
5o 5+12-5-5-5=245-10-6
d%y
12@ =-9
d%y 9
dx? 12
dy 3
dx?2 " 4
Chow Choon Wooi Page 16



PSPM | QS015/2 Session 2017/2018

9. The function f is defined by f(x) = lnf:‘f_ll)for x> 1.

a. By considering the first and second derivatives of f(x), show that there is
only one maximum point on the graphy = f(x).

b. Use the result obtained in part 9(a) to state the exact coordinates of the
maximum point.

2
c. Find the x-coordinate of the function f when % =0.

SOLUTION
(@ f(x) = 1“3(;:1), forx>1
u=In(x—-1) v=x-—1
u’=ﬁ%(x—1) v=1
_ 1
Tx—1
f'(x) =$2uv,
(e 1 (327) - G — DI
B (x —1)2
11— In(x — 1)
T (x—1)2
Letf'(x) =0
1—-In(x—-1) B
x-12%

1-Inx—1)=0

Inx—-1) =1
x—1=¢t
x=e+1
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1-In(x—-1)
(x —1)?

fi(x) =

u=1-In(x-1) v=(x-1)?

1

U = — v=2(x-1)
x—1

(-1 (-2 1 o) = [1—In(x - D]2(x - 1)
[(x —1)?%]?

fll(x) —

G- D] - [~ InG — DI@x —2)
B (x —1)*

Whenx=e+ 1

) (-e+1-1))—-[1—1In(e +1—-D][e +1) = 2)]
f'x) =

(e+1—-1)*
_(—e)— [1 - In(e)](2¢)
B (e)*
~ (e)*

= < 0 (Maximum)

(b) Use the result obtained in part 9(a) to state the exact coordinates of the maximum
point.

) = ln)(cx_—ll)

Whenx=e+1

) = 1n£e++11_—11)

_lne

e

1
e

1
=~ the exact coordinates of the maximum point: (e + 1,—)
e
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(c) Find the x-coordinate of the function f when % =0

when &2 ¢
en dxz =

[-Gx—D]—-[1-In(x - D]2x —-2) 0
(x —1)* B

[-(x—1D]—[1-In(x — 1)](2x —2) = 0
[-(x—1D]-2(x—1D)[1-In(x-1)]=0
(x—1[-1-2(1 -In(x-1))] =0
(x—1[-1-2+2In(x—1)] =0

(x—1D[-34+2In(x—1)] =0

x—1)=0 —3+2In(x—-1)=0
x=1 2In(x—1) =3
ln(x—1)=§
3
x—1=e2
3
x=e2+1

3
Since x # 1,therforex =e2 + 1
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10. A curve is defined by the parametric equations x = 3t — % andy=t+ % where t # 0.

2_ 2
a. Showthat & = =% Hence, find &2,
dx 3te+1 dx
b. Show that 2 can be expressed as y_1__10 Hence, deduce that
dx dx 3 3(3t%2+1)
a1
—3<-<3
SOLUTION
x=3t—% and y:t+§
dy _ t*=3 ind &2
(a) Show that —— = ——. Hence, find ——=
=3t ! =t+ 3
x= t y==rTe
dx 3 1 dy A 3
dt =~ t2 dt = t2
3t2+1 t? -3
dy dy dt
dx  dt dx
_t2-3 2
t? ‘3t?2+1
_ t? =3
T3tz +1
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d’y d (dy) dt

dx? ~ dt\dx) dx

dy t*—3
dx  3t2+1

u=t>-3
u =2t

d (dy) _vu' —w
dx

dt v2

_ @Bt2+1)(2t) - (¢* - 3)(6t)

(3t2 +1)2

3 6t3 4+ 2t — 6t3 + 18t
- (3t2 +1)2

20t
T (Bt2 +1)?

d’y d (dy) dt
dx

dx? ~ dt\dx

B 20t t?
T (Bt24+1)273t2 +1

3 20t3
3tz +1)3

v=3t?+1
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1 10

ay v _1_
(b) Show that . can be expressed as =3 360D

. Hence, deduce that
_ ay _ 1
3< - <5

dy t*—3
dx  3t2+1

dy 1+ -3
dx 3 3t2+1

1 10
3 33t2+1)

t2>0

3t2>0
3t2+1>0+1
3t2+1>1
3(3t2+1)>3
3<3@t?2+1)<w

1 1

0<3(3t2+1)<§

10 10

0<3(3t2+1)<?

10 _ LU
3 3(3t2+ 1)
1 10 1 10

1
3733 3@+ 370

5] 0 1
3 3(3t2+1) 3

dy 1
—3<a<§
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